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This paper describes the model used to estimate the parameters of uffeine-poly(riboadenykxte) (poly(A)) interactions from 
corresponding ‘H-NMR measurements. The model of insertion and aggregate binding describes the non-cooperative insertion 
of a molecule C into an interspace between two monomers of a homopolymer in competition with aggregate binding. It 
contains two binding constants, K, for insertion and Kz for the interaction of monomeric A units of the polymer with C 
molecules in bound aggregates. and two cooperativity parameters. K, for the stacking of C molecules within aggregates and T 
which is thought to be due to conformational adaptation of the polymer to those bound aggregates which cover more than one 
A unit. In contrast to other models, the size of a binding site (within the aggregates) is less than one monomeric unit, with n 

denoting the maximum number of C molecules per A unit in bound aggregates. The model is developed for general n by means 
of the method of sequence-generating functions. For n = 2 and n = 3. the correctness of the model treatment was checked by 
the matrix method. The model is applicable to the binding of aggregates to homopoiymers, which are flexible enough to fit 
their structure to the aggregates. 

1. Introduction 

The binding of caffeine to poly(riboadenylate) 
was investigated by NMR spectroscopy_ The aim 
of these studies was to determine the structure of 
the caffeine-poly(A) complex as a model for the 
caffeine-DNA complex [2]. Analogously to ref. 1, 
this paper deals with the choice of a proper model 
for the description of the NMR data and with the 
treatment of this model for the purpose of parame- 
ter estimation, especially the estimation of interac- 
tion shifts characterizing the structure of the com- 
plex. 

In section 2 the inspection of the NMR data 
includes the application of model-free analysis to 

* This paper and the preceding one [I] are theoretical counter- 
parts to the paper of ref. 2. 
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binding data. This method is very powerful but 
seldom used in the literature_ Using this method it 
becomes apparent that there are two binding 
mechanisms which are assumed to be a non-coop- 
erative insertion of single caffeine molecules be- 
tween two adp-nine bases of poly(A) and, in com- 
petition, binding of caffeine aggregates to poly(A). 
Bound aggregates are both bound products of 
self-association and outside bound monomers (ag- 
gregates of unit length), besides aggregates in solu- 
tion. As explained in section 2, the data suggest 
that the maximum number, n, of aggregate-bound 
caffeine molecules per A unit is greater than one. 

The different states of interaction contributing 
to the chemical shift are identified in section 3. In 
section 3, the binding model is treated. The rela- 
tive populations of the different states of interac- 
tion are calculated as functions of the total con- 



30 A’. Wc’IIer er oI./Caffeine- PO&(A) model 

certrations and the binding paramet-is. For gen- 
eral II, the method of sequence-generating func- 
tions is used. The particular cases n = 2 and !I = 3 
were checked by the matrix method. Section 4 
explains the procedure of parameter estimation by 
means of our general data fitting programme for 
non-linear regression analysis. 

For a fixed set of binding parameters. the model 
behaviour is discussed in section 5. It shows the 
binding of an associating ligand to a Iinear homo- 
polymer flexible enough to fit its structure to the 
aggregate structure. 

The model is treated for the purpose of parame- 
ter estimation by means of a computer pro- 
gramme. During this treatment. two implicit equa- 

tions. the interaction equation and the balance 
equalioc. must be solved simultaneously. As this 
problem is characteristic for complicated binding 
models. its solution is demonstrated in the appen- 
dtx. 

2. Choice of a proper model 

As in the investigation of caffeine-AMP mixed 
association [I]. three A proton chemical shifts 
( j = 1-3) and four C proton chemical shifts (_i = 
4-7) were measured (see fig. 1 of ref. 1). The 

titration was done at fixed poly(A) concentration 
c!,_ the caffeine concentration c:- being varied. The 
resulting courses of both A and C proton chemical 
shifts vs. c:- are displayed in fig. 2 of ref. 2. 

The different courses of 6,,,,( c:.) and 6,,2,,( cr.) 
cannot be explained by a single binding mecha- 
nism. Particularly. the non-monotonic course of 
S,,,., suggests the existence of at least t\vo binding 
mechanisms. 

The data shown in fig. 2 of ref. 2 indicate 
enlargement of the distance between HSA posi- 
!ions (situated near the sugar phosphate backbone 
in poly(A)) cvcr the whole ck range. i.e.. by both 
h;nding mechanisms. The distance between H2A 
positions is also enhanced by the second binding 
mechanism, but in the first binding mechanism 
these protons are clearly influenced by the ap- 
proach of some interaction partner. 

From this behaviour, together with seli-associa- 
tion of C in solution. the two mechanisms may be 
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Fig. 1. a,,,,, ns 1 binding stare-specific signal plotted vs. 
rt = c;./c:, for CL, = 0.051 M and c& = 0.095 M. The choice of 
some constant vnlues of Sk,,, defining certain binding states 
(each characterized by its binding ratio r) is indicated by 
horizontnl lines. As equal binding states correspond IO equal 
caffeine concentrations in solution ccs. the vnlues of r and ccs 
mny be estimated from their inwrsections wit:. the curves by 
ct., = ccs + rc;, and c&._ - = cc- c I-&_ Additionally. ;IS ;I result 
of this model-free analysis. 6,,, ns ;1 function of r wzxs in- 
troduced. taking the numerical values on the abscissa to be 
values of r instead of rl_ 

specified to be (1) insertion of single C monomers 
between A units and (2) binding of C aggregates at 
poly(A), where ~1. the maximum number of aggre- 
gate-bound C molecules per A unit, has a value 

greater than or.e. For stereochemical reasons, II = 2 
has been assumed (see section 6). 

In order to confirm these assumptions, model- 

: 

Fig. 2. The binding ratio as constructed by model-free nnnlysis 
(SCE fig. 1) shown ils a function of the caffeine concentration in 
solution (r( ccs). lower curve) and of the concentration of free 
monomeric caffeine (r( c,). upper curve), taking into nccount 
4he self-association of caffeine. The open circles correspond to 
the two binding states indicated by horizontal iines in fig. 1. 
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free analysis has been performed in a similar way 
to those described in refs. 3-7. Being intensive 
quantities [l] which reflect the extent of binding, r, 
the measured chemical shifts of A protons are 
directly applicable as polymer state specific sig- 
nals. 6,,, has been chosen because of its most 
pronounced a...l monotonic dependence on caf- 
feine concentration_ As usual, from two titrations 
at different polymer concentrations CL, the bind- 
ing ratio r (sum of concentrations of all caffeine 
bound by any binding mechanism/total con- 
centration of A units) has been derived as a func- 
tion of the caffeine concentration not bound to 
poly(A) (fig. 1). Taking into account the self-as- 
sociation of caffeine as resulting from ref. 2. we 
obtain a plot of r vs. the concentration of free 
monomeric caffeine cc, which clearly indicates the 
onset of a second binding mechanism with en- 
hanced amounts of caffeine bound per A unit at 
high caffeine concentrations (fig. 2). 

Furthermore, as any constant value of an,, 
specifies a value of r, a plot of 6,,, vs. r may be 
drawn, which is additionally introduced in fig. 1. 

If there were only one type of binding with a 
single interaction shift, the chemical shift (a,,,) 
should exhibit a linear dependence on r. There- 
fore, its obvious deviation from a straight line also 
shows that more than one binding mechanism is 
indicated in the measured signal. 

These results suggest a model that contains 
beside the insertion of single caffeine molecules 
between two A units an outside aggregate binding 
with more than one caffeine per A unit. 

3. Statistical treatment of the binding model 

Models that describe structural transitions or 
ligand binding on linear polymers regarding spe- 
cial binding mechanisms have been cierived from 
statistical thermodynamics by either the matrix 
method or the method of sequence-generating 
functions [12-161 and other equivalent methods 
[17,18]. Ref. 10 must be considered in connection 
with refs. 14, 20, and 21. In our case, the method 
of sequence-generating functions has the ad- 
vantage that it refers to any number of caffeine 
molecules bound per A unit in aggregated form. 

The case of general n is intentionally treated both 
to demonstrate the general applicability of the 
method of sequence-generating functions and to 
provide formulas for cases where n must be as- 
sumed to be greater than two. 

3. I. Introduction of statistical weight 

In this binding model, K, is the equilibrium 
constant of insertion and Kz that of the first 
caffeine-adenine binding contact in bound aggre- 
gates_ If, however, an aggregate covers more than 
one A, then its binding constant is K2 at the first 
A, but the binding contact at each of the following 
As contributes a factor of K27. This means that 
K2r is a (dimensionless) measure of cooperativity 
(see section 5) concerning the interaction (via con- 
formation changes of the backbone) of occupied A 
units. To minimize the number of parameters. T is 
assumed equal at each subsequent binding contact. 
K Cc describes the stacking interaction of 
neighbouring caffeine molecules in bound aggre- 
gates as well as in aggregates in solution_ The 
maximum number of Cs that bind per monomeric 
unit of poly(A) in aggregate binding is n. 

In the method of sequence-generating func- 
tions, three states (fig. 3) of A units are considered. 
viz., free, inserted and aggregate-bound, desig- 
nated by u, v and w, respectively. We define a 
chain element to comprise one A and its right-hand 
interspace_ 

The notation ‘u’ is used only if an A unit 
together with its full right-hand interspace is not 
occupied by any ligand. Unoccupied states which 
do not meet this condition are considered as gaps 
within sequences of bound aggregates, i.e., as w 
states. 

The notation ‘v’ is used for an A unit with a 
caffeine molecule inserted in its right-hand inter- 
space. The next A-unit, as influenced by the in- 
serted caffeine as well, is assumed not to be a 
possible binding contact for aggregates, for steric 
reasons. Although not stringent at large n, this 
assumption is reasonable for n = 2 as used in the 
evaluation of caffeine-poly(A) data. Moreover, this 
assumption may easily be lifted in the derivation 
of sequence-generating functions. 

In order to calcu!ate the sequence-generating 
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Fig. 3. Stn~cs and rquences illustrating the formation of sequence-generating functions (for ,t = 2). (a) Possible states of a single chain 

element. Note that wj may only be followed by w, or wz. These five states are exactly those that have been used for n = 2 to apply the 

matrix method 10 this system of interaction. Dashed lines always indicate adenine bases that no longer belong IO the element under 
consideration but mark the right border of interspace. (b and c) Demonstration of aggregate binding (reduced in scale). (b) Examples 

of non-interrupted w sequences without and with a gap of type a. (uw+v~w,u) Gapless aggregate which starts and stops at Q binding 

contact; number of binding contacts covered X- = 3. number of caffeine molecules comprised m = (li - 1)n + 1 = 5. (UW+V~W~U) Gapless 

aggregate with both continuation 10 the right and to the left. (uw,~~w,u) w sequence containing a type a gap (unit length being 

maximum Iengrh for n = 2). (c) Distinction between gaps of type b and an interruption of a w sequence. (uw~w+v,u) Type b gap of unit 

length. (uw,w_+v,u) Type b gap of maximum length of 2n -2 = 2. (uw,uw,u) Interrupted w sequence. consisting of two gapless 

aggregate, of unit length. one of them with it continuation to the right. 

functions_ relative statistical weights are intro- 
duced containing contributions from binding states 
(symbolized by g) and interactions (denoted by y). 
In particular, y,, = 1 denotes no interaction and 
y,, = 0 forbidden sequences. In detail. the model 
assumes: 

g., = 1 

g, = K,c where c denotes the free monomeric 
!&and concentration. 

Y 1., =1 forx=u,vsnd~=u.v 

as no interaction is assumed in all these cases. 
For aggregate binding the situation is more 

complicated_ The statistical weight of a w state 
consisting of an aggregate that comprises M Cs 

and covers k binding contadts without any gap is 
given by (fig. 3b)) 

g,,,k = c( Kccc)“l-‘Kz( K27)X--’ (1) 

The treatment of gaps within sequences of bound 
aggregates will be discussed below (fig. 3b and c)_ 

3.2. Calculation of the sequence-generating fundons 

U. is the sequence-generating function for a 
sequence of states u preceded by a state v. 

u, = 2 l&,x-~ (2) 
j- 1 

where uVj is the statistical weight of a sequence ofj 
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states u preceded by a state v 

U”j = Y”” g”Y”” I ‘-I=1 (3) 

The result is 

1 
(I” = - 

x-l (4) 

The calculation of U,,. yields the same result 

u. = U” = u (5) 

Similarly, 

v, = E vU,x-j (6) 
j=I 

where 

VU,. = Y”&“Y,V i i-1 = (K,c)i 

-The result is 

(7) 

V” = 
KP= 

x - K,c 

and. again 

because any continuation to the left, except of 
length 0, covers an additional monomeric unit (via 
its interspace)_ 

V” = V, = v (9) 

The determination of W, and WV is much more 

Continuations to the right (CR) (fig. 3b and c) 
of length 0 or 1 or _. _ n - 1 contribute t3 go,, the 
factor 

complicated_ Aggregates that start from a binding 
contact must not follow state v, for steric reasons. 
They may, however, follow state u. Therefore, W, 
and WV, indeed, differ from one another. If, how- 
ever, this assumption is lifted, they are identical to 
one. other. 

n-1 

g,,=‘+ c t&d’= 1 -(&cc)” 
1-K c (13) 

i-1 cc 

because no continuation to the right covers an 
additional monomeric unit. 

For the discussion intended, it is convenient to According to the assumption that an A-unit 
consider first of all, gapless aggregates that start neighbouring an inserted caffeine cannot be a 
from and stop at binding contacts (fig. 3b). Their binding contact of an aggregate-bound caffeine, 
continuations to the left and to the right (at the state v can only precede state w if there is a 
border to states u or v) and the gaps within left-hand continuation (CL) of non-zero length 
sequences of aggregates will be dealt with sep- representing caffeine molecules (partly) covering 
arately (fig. 3b and c)_ the preceding interspace. Therefore, 

For such aggregates, eq. 1 applies with m = (k 
- 1)n + 1. 

&k-l, - c( Kccc)(k-‘)nK2( Kg)+’ n+,.k - (10) 

The power of x that must be multiplied with 
aggregate weights has to be considered carefully. x 
is the partition function per monomeric unit. A 

8CL.u = &I_ 

but 

04: 

&L.” =go-- 05) 

Exclusively this causes the difference between W, 
and WV. 

monomeric unit comprises one A and its right-hand 
interspace. Therefore, the aggregates under consid- 
eration affect k monomeric units and contribute 
the factor x-~. 

The contribution to W (whether W, or WV) of 
such gapless aggregates (GLA) of length of k = 1, 
or k=2, or __., is 

goL* = 2 c&x-‘[ K27( KccC)“x-‘]tk-‘) 
k-1 

CK, = 
x - Kp( K,,c)” 

(11) 

Continuations to the left (CL) (fig. 3b) of length 
0fOorlor . . . n - 1 contribute to go,, the factor 

n-1 
go=1 +x-’ c (Kccc)’ 

i=l 

=1+x-’ &cc -(&cc)” 
1 - z&c (12) 
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Fig. 4. Murimum size of gaps of type ;1 or h for II = 4. (a) 

,I-1=3.(h)Zrr-2=6. 

Yet. saps within sequences of aggregates must 
hc considered. Gaps may be of two types: (a) 
those not covering binding contacts (GNB) (fig. 
3h): (b) those covering one binding contact (GCB) 
(fig. 3~). Their contributions to W will now be 
discussed. 

One should proceed carefully with these consid- 
erations because the introduction of too iarge a 
gap of type b might create a state u (fig. 3~). Gaps 
of type a are of length )I - 1 at most (see fig 4). 

From combinatorics we find 11 -j ways to place 
such a gap of lengthj by removingj neighbouring 
C molecules from a sequence of ~-1 C molecules 
hetween neighbouring gapless aggregates. thereby 
cliniinating j + 1 CC contacts. Conversely, with i 

denoting the number of C molecules not removed 
hy forming the gap. (i 5 ~2-2). there are i + 1 ways 
of distributing them to the left and to the right of 
the gap_ This way we find that (i tj = E - 1) type 
a gaps of length 1 or 2 or _ _. n - 1 have the weight 
(where the sum reads backwards) 

I, - 2 

.Y< ;s El = C (i+ l)( Kc,-c)’ 
r-0 

( Kc@)“- ’ =- 1 -(Kccc)-” 
1 - K,-,c 

,I - 
1 -(Kc,+’ I 

(16) 

where i = 0 describes an empty interspace between 
t\vo occupied neighbouring binding contacts. Any 
additional factor _I-- ’ does not appear. since no 
additional monomeric unit is covered by putting a 
gap of type a between gapless aggregates. 

Gaps of type b are at most of length 211- 2 

because at least one C must be attached to the 
right gapless aggregate (see fig. 4). Otherwise this 
would give rise to a state u contradicting our 
definition of a gap (fig. 3~). 

Large gaps with ,I <j I 2n - 2 C molecules re- 
moved may be treated in a similar way to type a 
gaps with an additional factor of Kccc contrib- 
uted by the unremovable right-hand CC contact. 
Smaller gaps with 1 ~j -Z n are restricted by the 
condition that they must cover the binding con- 
tact, otherwise being type a gaps. There arej ways 
of creating small gaps of length j, giving rise to 
2n - 1 - i possibilities for putting n 5 i I 211 - 2 
C molecules to the left or to the right. Therefore, 
(i +j = ~JI- 1) type b gaps of length of 1 or 2 or 
___ 2~1- 2 have the weight 

n - 1 

.%x-I3 = c i( K,,c)’ 
i=O 

211-2 

+ c (2n- 1 -i)(K,,c)’ x-’ 
, = ,I I 

s- ’ 

= (1 - K,,c)” 

x [1 -(K,,~)“][K,,=-(K,,=)“] (17) 

where i = 0 is a forbidden state with no contribu- 
tion. because this would exceed the maximum size 
of type b gaps and give rise to a state u (figs. 3c 
and 4). The state with i = 1 can be realized only in 
one way within a non-interrupted w sequence (fig. 
3~). The factor X-’ appears because one additional 
monomeric unit of poly(A) is involved in a type b 
gap- 

Now, all expressions needed are available in 
order to formulate W, and WV. The weight of all 
possible sequences of aggregates. containing any 
number of single gapless aggregates, separated 
from each other by type a or b gaps, that are 
preceded by u, may be written 

w, = SCL.” SGLA (1 +~&m3+hxl)gCLA 

+ [( &iNB +&xBkcLAIZ+ ---}gcR (18) 

W,. is obtained from W, by writing g,,_, instead of 
g,,.,. Any immediate sequence of gaps is forbid- 
den in order not to create states u within aggregate 
states. 
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In a more compact notation W, and therefore The largest root of eq. 22 is 

U/, may be written as 
E 

z 

&Lu gGLA gCR W,=- (19) 
X, =-+ 

2 J 
$+F (28) 

1 -_(gG,A + gGCA > gGLA 

After introducing the expressions just derived 
Thus, for any value of n the system equation is 

the final result is 
quadratic in x and may be solved for x, analyti- 

1 +x-’ 
&cc-(&cc)” 

1 

KS 1 -(&cc)” 
1 - Kccc x - Kp( K,,c)” 1 - Kccc 

w, = 

l- 
1 1 -(&cc)” KS 

1 - K,,c -n(Kc~c)“-~ + 1 __K 
cc 

c [l + x-‘K,,c(l -( K,cc)“-l 
_x - K27( Kccc)” 

WV is obtained from W, by omitting the term ‘1’ at 
the first position of the first factor in the numera- 
tor. 

An independent combinatorial derivation of the 
sequence-generating functions W, and WV yielded 
equivalent results. 

3.3. Derivation and solution of the ilzteraction equa- 

iion 

Now, all the sequence-generating functions are 
ready to be introduced into the general interaction 
equation for x [12], which (by use of the notation 
in eqs. 5 and 9) may be written as 

G(c, x) = 1 - UV( W, + WV) 

-VW,- vwV- UV=O (21) 

After many rearrangements the result is in a 
fairly compact notation, expressed in powers of X, 

G(c,x)=x2-Ex-F=O (22) 

with 

E=1-A+C”-‘BD-~/(l-C)2 (23) 

F=(l+A)[M/(1-C)2-CC”-‘BD] 

+N/(l - C)’ (24) 

A = K,c, B = K2c, C = Kc,c, D = TK,-= (25) 

M=B(nC’“-‘-(n-l)C”-1) (26) 

N = B(l - C”)’ (27) 

(20) 

tally. This must be due to the assumption of 
nearest neighbour interaction. 

These results were checked by using the matrix 
method for n = 2 and n = 3 with a different defini- 
tion of states and their statistical weights (fig. 3a). 
In both cases, the coefficients E and F of the 
interaction equation coincide with those resulting 
from the method of sequence-generating functions 
(eqs. 23 and 24). 

3.4. The balance equarion of ligatzd cotzcentratiorz 

The solution of the interaction equation (eq. 28; 
still contains c, the free monomeric ligand con- 
centration, as an unknown. To determine fully this 

solution, besides the system equation, G(c, x) = 0 
(eq. 22), we need the balance equation of ligand 
concentration, H(c. x) = 0. where 

H( c, x) = c; - 
(1 - ;ccc,, - cLr (29) 

(the index of x has been omitted) c> is the total 
caffeine concentration, the second term the con- 
centration of caffeine in solution, according to the 
isodesmic model of self-association (eq. 6 of ref. 
l), and the third term the concentration of caffeine 
bound to poly(A), r being the quotient of the 
concentration of bound ligands divided by the 
poly(A) concentration in monomeric units, ch_ 

The dependence of N(c, x) on x is due to r 
because, in terms of partition function formalism, 
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r is given by 

1 k3InZ a In x r=--= 
IV i3Inc a In c(_~=_Y,) 

aG/a In c =- 
aG/a In S( x = X, ) 

The algorithm of solving the equation system 

G=O 
JJ = 0 

is given in the appendix. Of course, any derivative 
of G has to be taken at the values of the solution 
( C‘. s ). 

The connection between the chemical shifts 
measured and the parameters to be estimated is 
mediated by a similar set of equations to those in 
ref. 1. In the corresponding notation 

(% I.., = LX + 2~~,.A.,“,cA.,“.r.r/CX.r 

+ i\~,.h.i,ttc:,.J~t.r/C~,., 
for; = 1-3 and 

(30) 

(a,, ),- = %,. +~~,.C..,n.~C.t”.s.,/~~~., (31) 

+ ~~,.C.;,1,CC.~ll.,/C:‘.r 

+ d~.c.;,~c(_..,~.,/c~., 
for; = 4-7. 

The factor 2 in eq. 30 accounts for the fact that 
each of the t-wo monomeric units of poly(A) in- 
solved in insertion contributes its interaction shift 

J~,.A.,“\- 
cc-,,= denotes the concentration of all caffeine 

molecules iEvolved in aggregates at the polymer as 
well as in solution_ 

T:le relative concentration c,,_,,,/c~ of A inter- 

spaces carrying inserted Cs in solution is the same 

as that of an individual poly(A) chain because 
interaction between polymers is neglected. There- 
fore. 

= a In x 
a In K,(x=x,) 

=- at/a In K, 

at/a In x(x=x,) 

(32) 

For the same reason. the relative concentration of 

binding contact As where Cs are attached is 

CA.ntt a In x acja In K, 

-=aInK,(x=x,)=-aG/aInx(x=x,) CL 

and, corresponding to a 1 : 1 relation 

CC.ins ch CA.ins -=-- 

CI- c;- CL 

and 

(33) 

(34) 

(35) 

cc-a= has to be composed from the contribu- 
tions of inner and outer caffeine molecules of 
aggregates at the polymer and in solution (as 
derived for self-association in ref. 1, eqs. 3, 19 and 
20). The quotient of C concentration bound in 
aggregates divided by ca is given by 

r .ls= 
‘C.0ut.P + =C.in.P = r =C ins . 

4 4% 

a lnx a In x 
=_- 

a In c a In K, (36) 

(the notation in derivatives of G is now omitted) 
The model allows one to separate the con- 

centration of Cs involved in attachment to initial 
binding contacts cc.nl,.iniI from that of Cs attached 
to consecutive binding contacts cC.ilrr.cons as folIows 

Cc.m.cons a Inx =- 
CA a In 7 

CC.ntt.inil a lnx a lnx --=- -- 
c; a In K, a In 7 

(37) 

(38) 

Twice the concentration of initial binding contacts 
is the concentration of outer Cs in bound aggre- 
gates 

cC.oul.P = 2cC.att.init (39) 

From eqs. 36 and 39, c,-,~~.~ and c,-~“.~ may be 
calculated separately, iq order to be introduced 
into the last line of eq. 31 in a proportion of 1: 2 
(see eq. 3 in ref. 1). 
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4. Parameter estimation 

The total model of caffeine-poly(A) binding 
contains five non-linear system parameters 

Kr*K*,Kcc,T,n (40) 

and 25 linear measurement parameters, viz. (see 
eqs. 30 and 31) 

Some of the parameters were known in advance or 
assumed and were kept fixed during data analysis 
of binding. 

x CC* 6,~ and “4 c.~~$ were taken from ref. 2, 

ASj.C.ngg being identified with AS,,,,. cSi.A was di- 
rectly measured at c.& = 0. )I = 2 was assumed for 
steric reasons. 

Thus, a grand total of 17 parameters had to be 
estimated. As in ref. 1, this has been done by using 
the general curve-fitting programme ALAU. 

In the experiments, NMR data on caffeine- 
poly(A) mixtures of constant poly(A) concentra- 
tion (0.051 M) and variable caffeine concentration 
(from 0 to 0.13 M) had been prepared (see fig. 2 in 
ref. 2). Table 1 shows the parameter values esti- 

mated from those data, their errors being omitted 
(see table 3 in ref. 2). The data material was 
insufficient to allow complete parameter estima- 
tion. The parameter K, could only be scanned. 
Thereby, K,.&-/K,, served as an upper limit of its 
value [2]_ Finally, K, = 10 M-’ was chosen in ref. 
2 because for this value (see table 4 in ref. 2) the 
interaction shifts of insertion estimated agree very 
well with those obtained from the structural model. 
Fig. 2 in ref. 2 shows the curves of chemical shifts 
vs. ck fitted with the parameter values estimated. 
A discussion of the results may be found in ref. 2. 

5. Discussion of the model behaviour 

Figs. 5-7 demonstrate the model behaviour for 
the case of 0.051 M poly(A) and varying con- 
centration of monomeric caffeine in solution with 
the set of parameters K, = 10 M-l, Kz = 25.3 
M-‘, Kc,= 10.5 M-‘, 7 = 0.53 M, and n = 2. In 
fig. 5 one recognizes that the binding fraction of 
inserted caffeine ( rins) is always appreciably s;naller 
than that of aggregated caffeine (rass)_ At sma:! 
caffeine concentrations, this is caused simply by 
the ratio of K, and K,. At concentrations cc larger 
than about 0.015 M, ri,,z starts to decrease. In 

Table 1 

Best estimates of parameter values 

Parameter values estimated of caffeine binding to poly(A). Complete parameter estimation was impossible due to insufficiency of data 
material. K, could only be scanned in a reasonable interval of values. The four values of Kz and 7, respectively. correspond by data 
fitting to the four El, values scanned when n was fixed as equal to two. 

K, CM-‘) Interaction shifts of binding caffeine-poly(A) (ppm) 
- 

HRA 
H2A 
HI’A 

H8C 
H7C 
H3C 
HlC 

K,(M-‘) 
7 (W 

A.ins 

70 

-0.05 
- 0.22 

0.06 

C,ins 
- 0.44 
-0.60 
- 0.79 
- 0.66 

20 30 

- 0.05 -0.05 
-0.13 -0.11 

0.04 0.03 

-0.23 -0.16 
-0.31 -0.21 
- 0.40 - 0.27 
- 0.32 -0.21 

60 

- 0.07 
-0.08 

0.02 

- 0.06 
- 0.08 
-0.09 
- 0.06 

A,att 

10 

0.25 
- 0.02 

0.02 

C.att 
-0_19 
- 0.09 
- 0.04 
- 0.03 

25.3 
0.53 

20 30 60 

0.29 0.31 0.37 
- 0.01 0 0.01 

0.02 0.01 0.01 

- 0.22 - 0.24 - 0.29 
-0.13 -0.16 - 0.24 
-0.10 -0.15 - 9.27 
- 0.09 -0.13 - 0.24 

31.7 38.0 59.1 
0.37 0.30 0.18 



Fis. S. Binding fractions r of bound caffeine moIrcules per 
monomeric unit of poly(A). Parameter set: ICT, = :O M- I. Kz = 
‘5 M -1. 6,‘. =I0 M-t ;nd + -=0.53 M. r. of all bound 
c.Sfsine: r Deb. of all aggregarr-bound caffeine; r,,,, of nil aggre- 
g.atc-hound caffeine attxhed TV an A: r,_,_ of bound cnffeine 
ortached at initial binding contacts, i.e.. number of ngeregates 
psr monomeric unit of pcly(A): r,,,, of all inserted caffeiar. 
For comparison the result of model-free analysis r( c,-) is given 
as a dashed curve. 

competitkm for the binding sites. the aggregate 
binding overcomes the iwertion. Apart from the 

ratio of binding constants. the reason for this 

behaviour is given by the fact that only one caf- 

feine molecule per monomeric unit may be in- 
serted. but two (generally tz) molec*Jles per mono- 

Fig. 6. Dependence of caffeine partial concentrations on the 
wnccnrrarion of free monomeric caffeine (ck = 0.051 M: 
psrumeters as in fig. 5). cCh. concentration of polymer-bound 
caffeine: ccs_ concentration of all non-polymer-bound caffeine: 
c;-. total caffeine concentration; I,,,. mean length bound; 
I =~.. mean length of aggregates in solution. 

Fig. 7. Concentrarion fractions of caffeine molecules in differ- 
ent states. c;._ tomI concenrralion; c~.>&~. concenlrarion of 
caffeine moleculrs in higher aggregates (dimers. Wimer, etc.) in 
solution; c_~~_ concrntrnt~on of caffeine malrcules in the 
aggregate bound state; c.,,~. concentration of caffeine molecules 
attached to a base A of poly(A): cc. concentrarion of mono- 
meric caffeine molecules in solution: c,,,. concentration of 
caffeine molecules inserted berween two bases A of poly(A). 

merit unit may be bound in an aggregate. 
The general phenomenon that at sufficiently 

high ligand concentration a binding mechanism 
which needs less space becomes superior to another 
binding mechanism even with a higher binding 
constant wilI be briefly demonstrated osing our 
model as an example_ If the state ‘aggregate bound’ 
is lengthened by one A unit, the statistical weight 
of the polymer state is enhanced by a factor of 

KZ7K&.C; (42) 

whereas the lengthening of the state ‘inserted 
gives the factor 

K,CC (43) 

per monomeric unit. Thus. a 2-fold concentration 
increase gives rise to a factor of 4 in eq. 42, but a 
factor of 2 in eq. 43: a IO-fold concen.ration 
increase resuhs in a factor of 100 or :O, respec- 
tively. This also explains why, for instance, in the 
case of ligand binding to DNA the ‘weaker’ out- 
side binding replaces the ‘stronger’ intercalation at 
high lignnd concentration 1191. 

Fig. 5 further shows that the number of bound 
aggregates (T,.~,*) starts to decrease at concentra- 
tions cc > 0.03 M, whereas the number of binding 

contacts (T.,~) is further increasing (saturation at 
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r a** = I)_ Thus, joining of aggregates by filling gaps 
then outweighs the initiation of new aggregates. 

For the sake of comparison, in fig. 5 the func- 
tion r(cc) as a result of model-free analysis shown 
in fig. 2 is represented by a dashed line. 

Fig. 6 shows that up to concentrations of 0.025 
IM monomeric caffeine there is more caffeine bound 
to polymer ( cch) and less non-bound caffeine ( ccs) 
in so!c:ion. At higher concentration the non-bound 
part predominates increasingly, because there is 
only a fixed concentration of poly(A) available for 
caffeine binding, whereas the self-association in 
solution is non-limited. 

The numerical value of r( -= 1) might suggest 
consideration of aggregate binding as an anti-co- 
operative process, with energy consumption by 
destacking [2] overcompensating energy gain by 
binding. However, both the stronger increase of 
average aggregate length at polymer (I,,,.,) in 
comparison to that in solution (la,_,) (fig. 6) and 
the sigmoidal shape of raa in fig. 5 indicate the 
cooperative character of aggregate binding. 

If we consider aggregates of length 3, they may 
be attached to the polymer in two ways, covering 
one or two A units as binding contacts. The corre- 
sponding binding constants are K, or K$, respec- 
tiveiy. Thus, the involvement of a second A unit in 
aggregate binding is favoured by a factor of K,r = 
13.3. This is one contribution to the cooperativity 
of aggregate binding. 

A second contribution originates from the inter- 
action between Cs within the aggregate, which 
leads to a tendency to avoid gaps and to form 
longer aggregates, even for a constant number of 
binding contacts occupied and a constant amount 
of aggregate binding (ra,, = constant. rags = 
constant). Consider two aggregates, each of length 
2, attached to one A unit per aggregate, and 
leaving a gap of length 3 between them. The 
statistical weight af this sequence of states is given 
by the expression 

K fK& cc 

By rearrangement of one caffeine molecule, a state 
would be created which represents the binding of 
one aggregate of length 4 without any gap. In this 
case, the statistical weight is given by 

K+K&c; 

The ratio of these two statistical weights is 

K cc7 = 5.55 > 1 

This is the second contribution to the cooperativ- 
ity of aggregate binding. 

Thus, aggregate binding is, indeed, a coopera- 
tive phenomenon_ The energy loss caused by con- 
formational constraints leading to poly(A) de- 
stacking is overcompensated by both AC and CC 
interaction. 

Note that for each gapless aggregate one pure 
binding constant K2 (without the factor T) is intro- 
duced (eqs. 11 and 18). This means that a gap (as 
well as a state u or v) interrupts the conforma- 
tional constraint on the polymer induced by ag- 
gregate binding. 

In fig. 7, the contributions of the caffeine con- 
centrations in the different states to the tota caf- 
feine concentration are demonstrated_ Caused by 
the cooperative character of aggregate binding, the 
portion of the aggregate-bound caffeine increases 
at first, but starts to decrease at high concentra- 
tion, whereas the portion of inserted caffeine de- 
creases from the beginning. The only component 
which increases more and more is the portion of 
aggregates in solution. 

6. Concluding remarks 

The underlying data material did not allow 
determination of all parameters of the model. For 
n. a value of 2 was assumed. With regard to the 
phosphate-phosphate distance in poly(A) and the 
stacking distance in C-aggregates [2], no greater 
value of n is possible in this case. K, was scanned. 
From the results of C-AIMP mixed association, a 
reasonable upper limit for K, was deduced. From 
the structural model the value K, = 10 M-’ was 
chosen. 

The impossibility of determining all parameters 
in this case is not a property of the model. The 
parameters K,, K,, K.-,, T and n are independent_ 
They can be determined in common from a suffi- 
cient set of data. For further use of the model, 
some hints on how to obtain such a set of data will 
be given. 

In the present case, all parameters (interaction 
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shifts as well as binding parameters) had to be 
obtained from the measurement at a single poly(A) 
concentration_ In contrast, model-free analysis 
demonstrates the possibility of determining sep- 
arately the binding behaviour and the dependence 
of the measured signal on the binding ratio from 
consistent measurements at two polymer con- 
centrations at least. To obtain a good estimate also 
for )I. measurements should be extended to satura- 
tion of aggregate binding, i.e., to high ligand con- 
centration in the solution For the determkation 
of K, it seems essential to perform measurements 
also at low binding ratios. According to the princi- 
ples of design of binding experiments (H. Schiitz, 
unpublished results) the determination of all 
parameters requires, besides measurements nt a 
medium polymer concentration, supplementary 
measurements at both high and low polymer con- 
centration- 

Appendix: An algorithm of solving the system of 
implicit equations in the interaction 

The regula falsi method is applied to H( c, x), 
considered as a function of c. 

(1) c covers the interval 0 5 c I c*_ The regula 
falsi needs two marginal values c_ and c+. A 

practical choice is c _ = 0 and c, = min(c’,0.999/ 

Kc, )- 
(2) Calculation of both x_ = 1 from c_ = 0 and 

_K+ fromc, according to eq. 28. 
(3) Calculation of both aG/a In c and aG/ 

a In x for (c_, x_) and c+ _ x,). respectively. from 
eq. 22. 

(4) Calculation of both H(c+, x,) and 
Il(c_. x_) from eq. 29. 

(5) Application of the regula falsi method to 

{c+ .Wc+. _I-+)) and {c_ ,n(c_. s_)}, and de- 
termination of the zero c,, c_ < c, -Z c, _ 

(6) Calculation of _I-, from c, according to eq. 
28 and of il( c,. s,) from eq. 29. 

(7) Substitution of that { c,H( c. x)} in item 5 
by {c,. H(c L’ x,)} for which the H terms have the 

same sign. Iteration of the regula falsi method up 
to IH/c*I I 10-7. 

(8) Calculation of x from the iteratively de- 
termined value c, according to eq. 28. 
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